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1 Introduction

This report is an extension of the paper Kasner Branes with Arbitrary Signature by W.A
Sabra [1]. Originally the Kasner solutions were a vacuum Einstein solution describing an
anisotropic universe covering the Bianchi Type Universes. The anisotropy is described
using different expansion and contraction rates of the Kasner metric in different spatial di-
rections. In this study we are more interested in non-vacuum solutions, and are Kasner-like
but not Kasner solutions. Mostly because of their useful role in toy models in string theory
and supergravity. Having the Kasner exponents to be time dependent one might find it to
be a viable candidate for Kination where the requirements are to have a rolling potential and
R < 0. By incorporating the scaler field one deviates from the vacuum setting and enters
non-vacuum regime where 7T}, # 0. The connection between the Kasner solutions and the
Kination epoch can be found in how both of these describe the cosmological evolution. So,
if one generalizes the Kasner solution allowing the exponents to evolve with time effectively
may capture the essence of the Kination epoch, where the expansion of the universe is due
to the kinetic energy of a rolling scalar field.

In the first part the Kasner metric is introduced and gotten familiarized with. The math-
ematical tools necessary (differential forms, integral of forms etc) for introducing the flux
were covered on a preliminary basis and the rest is built up from there. Using these nec-
essary requirements the results found on the Kasner Branes with Arbitrary Signature were
reproduced , especially the results of d-dimensional gravity theory with m-form, 4D Mazwell
Field, d-dimensional gravity theory with a dynamical scalar field and Brane solutions.

A metric ansatz was introduced along with the action (5.3), which represents the action
of the bosonic fields of many supergravity theories, to go beyond the typical Kasner type
universe, different stringy ingredients like dilations, form fields have been introduced. The
ansatz 2-form for the flux and the scalar that introduces the non-vacuum state which deviates
from the vacuum Kasner. To capture the time-dependent expansion in the Kasner metric,
we allowed the Kasner exponents (7;(t)) to evolve with time rather than being constants. We
introduced a scalar field ¢(z,t) and observe whether it is a rolling scalar field that would allow
the time-dependent exponents to introduce different expansion or contraction at each spatial
direction at any given moment. The solutions from this expected to be a new solutions that
would take one beyond the typical Bianchi type universes and would essentially be taken as
candidates from Supergravity and String theory along with Kination.



2 The Kasner Metric

2.1 Introduction to the Kasner Metric

d32 — _dtQ + t2p1 d{L‘% + t2p2dx% + t2p3 dl‘g (21)
3
=ds® = dt* + ) t*ida} (22)
=1

The Kasner metric is a solution to Einstein’s field equations in vacuum (7}, = 0) that
described an anisotropic but homogeneous universe. It is a particular case of a Bianchi
Type I cosmology and is often used in discussions of the early universe and near singularities
(e.g. in the BKL scenario).

In the first tiny fraction of a second after the Big Bang, the universe was likely not
perfectly smooth or isotropic. Quantum fluctuations, intense gravity, and lack of thermal
equilibrium could have made the universe wildly anisotropic. Kasner-like solutions describe
how an early, chaotic, empty universe might have been before matter and radiation filled it.
So, Kasner helps model the pre-inflation era or behavior close to cosmological singularities.

Near singularities, the Einstein equation behave differently. Spatial derivatives can
become negligible compared to time derivatives. This leads to solutions like Kasner, where
each point evolves almost independently, like in a Bianchi I universe.

This is used in the BKL (Belinski- Khalatnikov- Lifshitz) scenario' , which
suggest that near any singularity, spacetime behaves locally chaotic sequence of Kasner
epochs. Studying anisotropic but homogeneous models like Kasner, helps us understand
what solutions are possible, explore how much structure is permitted by GR, observe how
matter content affects anisotropy (Kasner is vacuum, but other models can include matter).

To summarize:

We study Kasner not because the universe looks like that today, but because
it might have behaved like that in the past.

It suggest that As we approach a singularity, each point in space behaves like
a separate, chaotic, anisotropic universe, evolving through a series of Kasner- like
states.

Near any singularity (like, ¢ — 0), time derivatives dominate over spatial derivatives
in Einstein’s equations. That means that the universe decouples at each spatial point,
and the local behavior is governed by ordinary differential equations, not partial ones.

!The BKL scenario is a theoretical model describing how spacetime behaves near a spacelike singularity,
like the Big Bang or the center of a black hole.



Each point evolves like a Bianchi type model?, especially Bianchi type IX, which allows
chaotic transitions between Kasner epochs.

2.1.1 Kasner Epochs and Bounces

In the BKL picture, the Universe near a singularity enters a Kasner epoch, an anisotropic
state where expansions occurs in some directions and contraction in others. Then, due to
curvature effects, the Kasner exponents "bounce” to a new set of values. This process
repeats over and over, unpredictably which leads to chaotic evolution.

The chaotic evolution is sometimes called Mixmaster dynamics, especially in the
Bianchi IX model.

It suggests that the generic behavior of spacetime near singularities is not smooth or
isotropic, but chaotic and directionally violent. It provides a contrast to the smoothness of
FLRW cosmology and gives us a model for the pre- inflationary universe. It is one of the
most studied classical frameworks for understanding the structure of spacetime singularities.

One can imagine a spinning box where each side can stretch or shrink but every few
seconds the stretching direction suddenly changes. That’s like the Kasner ”bounce” at
each point in the BKL scenario.

2.2 The Power Law

A power law is any expression of the form:
fit)y=A-t" (2.3)
where:
e A is a constant (can be 1).
e n is the power (can be positive, negative, fraction , etc.).
e ¢ is the variable (in this case,cosmic time).

so, f(t) = t? is a power law, also is f(t) = t~'/3. But, f(t) = Int or f(t) =' are not
power laws, they are logarithmic or exponentials.

2In quantum gravity and loop quantum cosmology, the simplest toy models for quantization of spacetime are
often based on Bianchi models, especially Bianchi I (Kesner-like). Because they are spatially homogeneous,
they reduce Einstein’s field equations to ordinary differential equations which are tractable to quantize.



Type Mathematical Example Used in
Form
Power- law a(t) =P t2/3 Kasner metric, mat-
ter/ radiation domi-
nated universe
Exponential a(t) = ettt e3t Inflation, de Sitter
space

Table 1. Basic Forms of Power-law and Exponential

Comparing how both grow over time for ¢ > 0:

Time ¢ t2/3 (power law) e! (exponential)
1 1.00 2.718

2 ~ 1.59 ~ 7.39

) ~ 2.92 ~ 148.41

10 ~ 4.64 ~ 22026

Table 2. Growth Behavior of Power-law and Exponential

Physical Meaning

Power- law Expansion (Kasner, Matter-Dominated etc.)

a(t) =7

e Expansion rate slows down over time.

e The Hubble parameter H = % = % decreases with time.

e Typical of:

— Kasner Metric (anisotropic)

— Radiation dominated universe: a(t) ~ t'/2

— Matter dominated universe: a(t) ~ t2/3

Feature

Power- law

Exponential

Acceleration

No (decelerates)

Yes

Hubble Horizon

Increases

Fixed or shrinking

Causal Contact

Expands

Can be lost
stretched space too fast)

(inflation

Table 3. Geometry and Horizons for Power-law

and Exponential




Scale Factor vs Time

Power-law: a(t) = t2/3

140 | — Exponential: a(t) =e!
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Figure 1. Scale Factor Vs. Time

Exponential Expansion (Inflation, de Sitter)
a(t) = et (2.5)
e Expansion rate is constant: H = const.
e Accelerating expansion, distance between points increase faster and faster.

e Typical of

— Inflationary epoch (early universe).
— Dark energy- dominated universe (present/ future)

— de Sitter space

Why use power laws in Kasner metric?

Power laws make the Einstein equations easier to solve. The behavior of space becomes
analytically clear, one can immediately see which direction the spacetime is expanding or
contracting. Near singularities (like t — 0), power laws describe the dominant behavior of
the universe.



2.3 Deriving the Kasner Metric
Metric Ansatz:

We begin by assuming the metric of a spatially flat, homogeneous, anisotropic universe:
ds? = —dt* + a1 (t)*dz? + aa(t)*das + az(t)*dx? (2.6)

This is a special case of a Bianchi Type I metric with three independent scale factors
a;(t). It allows different expansion in each spatial direction.

Assume Power-Law Scale Factors (Kasner Ansatz):

Assuming the scale factors follow power laws in time:
ay(t) =t as(t) = tP2, as(t) = t** (2.7)
Then the metric becomes,
ds® = —dt® + t*P1da? + t*P2da3 + t°P3 da’ (2.8)
This is our Kasner Metric

2.4 The Kasner Metric

ds® = —dt* + t*Prda} + t*P2 dal + t*P3 da’ (2.9)
where:
e ¢ > (0 is cosmic time.
e 1.y, z are the spatial coordinates.

e p1,p2,p3 are the Kasner exponents; real constants that govern how spatial direction
expands or contracts with time.

2.4.1 Kasner Conditions (Constraints on the Exponents)

To satisfy Einstein vacuum equations R, = 0, the exponents must obey:

p1+p2 +p3 =1 (linear constraint) (2.10)
p% + p% + pg =1 (quadratic constraint) (2.11)



Example:

A famous solution:

2 2 1
i i = _Z 2.12
D1 37 D2 37 p3 3 ( )
The the metric becomes:
ds? = —dt® + t*3dx? + t*3dad 4+ 23 da? (2.13)

What happens at ¢t — 0:
This is the singularity limit, very early in the universe:
e t2/3 - 0 : z and y directions shrink to zero size.
e t71/3 — o0 : z direction blows up, it becomes infinitely stretched.

So, the universe collapses to a line along the z-axis. It’s a highly directional collapse
(the distance between points gets smaller and smaller until it goes to zero and ”collapses”).

Only the z-direction survives as ¢ — 0. This is a spacetime singularity, but not isotropic like
in FLRW.

What happens as t — oo:

This is the far- future behavior:
o t2/3 - 00 : z and y directions expand forever.
e t~1/3 5 0: 2 direction shrinks to zero.

So in the far future, the universse v=becomes effectively 2-dimensional, flat in the z —y
plane and squashed in z.

2.4.2 Computing the Christoffel Symbols

We are working with:

3
ds® = —dt* + ) t%ida?

i=1
and,
g = diag(—1, 21 ¢2P2  42Ps) (2.14)
We are denoting the coordinates as:
L=t =z 2?=y, 2=z (2.15)



We know, the Christoffel symbol:

1
Ul = 59" (0ugve + 0v9s — Do guv) (2.16)

Now, since g,,, only depends on time ¢, the only non-zero derivatives are with respect to
t. So we only compute:

Orgi = Oy (t°7) = 2pyt*P1 ! (2.17)
Orgaa = 0, (t°72) = 2pyt*P>~! (2.18)
Orgss = O, (17%) = 2pst™P3 ! (2.19)

For the non-zero Christoffels:

1. TY = 39% (81916 + 01916 — Og11) = 59°°(—og11) = 3(—1)(2p1t?P1 1) = py 2P~

D=

2. 19, = %900(32920 + 2920 — 05922) = %goo(—f)oggg) = L(—1)(2pat?P2=1) = pot?r2—1

N[

1

3. T9 = 39 (03930 + 03930 — 0r933) = 59°°(—og33) = 3(—1)(2pst?P3~1) = pst?rs~1

D=

4. T = 39" (00910 + 01900 — Oogo1) = 39" (Dog11) = (t72P1)(2pyt?P 1) = pyt~!

(t‘2p2)(2p2t2p2—1) — th—l

N[

5. T2, = 39°7 (90920 + 02900 — Or902) = 39°*(D0g22) =
6. T35 = 39°7 (00930 + 03900 — Org03) = 59%3(0ogss) = 5(t23)(2pst?P3~1) = pst !
So the non-zero Christoffel symbols are:

0 2p1—1 0 2p2—1 0 2p3—1
'y = pit (S I'59 = pot P2, I'33 = pst ps—

T =pit ™!, T3, =pat T3y = pst™!

2.4.3 Computing the Ricci Tensor (Ruv)

Ry = 0,1, — 8,7, + rgarfw - rgyrfw (2.20)

Calculating:

ROO = aargo - aorga + FKUFSU - FKOFSU = _301_‘80 - KOFSU

Now,
P
9oLy = do(prt ™) = )
S0, we can write,
b1+ p2+ps

aTg, = (2.21)



Now for,
A

KCTFOU
we can write,

i i

0it 0i
for:=1,2,3.

0/ — 2
Combining them together,
 pit+p2tps pi4p+p3

1
7801—‘80 - KO'FSO' = 2 2 = ?(pl +p2+p3— p% + p% +p§)

Now, for Rq1:

Rll = 80']'1(1)—1 - alr‘lyo + Fiari\l - g\—lri\o
=Ry = 0,17, + 5, — T, T,

Now,
8,19, = 8o, = 8y(p1t2P171) = py(2p1 — 1)¢2P1=1)
KIF{\U = F(1)1F(1)1 = 2p1t2p171p1t71 = 2p2t2(P1*1)
S0,

Rip = p1(2p1 — V2P 4 py(py + po + ps) 2P0 — 2p242(1—1)
= *P1=U (p; (2p1 — 1) + p1(p1 + p2 + p3) — 2p})
=pi(p1 +p2+ps — 1)t2(p1_1)

Similarly we get,

Ry = pa(p1 + pa + p3 — 1)t2P2~D)
Rs3 = p3(p1 + pa + p3 — 121

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)



We then have:

Rm:%m+m+m—ﬁ+£+%) (2.29)
Riy = pi(p1 + pa + ps — D2~ Y (2.30)
Roy = pa(p1 + pa + ps — 1)@~ (2.31)
Rss = p3(p1 + pa + ps — 1)@~ (2.32)

Now, since they are meant to be the solutions to Einstein’s vacuum equation, R, = 0, we
can see that for each of the Ricci tensors to be zero in (2.29). The terms inside, (p1 + p2 + p3)
has to equal to (p? + p3 + p3).

From the R;; (2.30) (2.31) (2.32) Ricci tensors we get,

Pi+p2+p3=1 (2.33)
(In order to satissfy R;; = 0) and, since (p1 + p2 + p3) = (p? + p3 + p3), we get:

(p1+p2+tp3)=1 (2.34)
(pf +p5+p3) = 1. (2.35)

These are the Kasner Conditions mentioned above (2.10) (2.11). Using these conditions
we can get the values for the Kasner Exponents, such as:

y P3 = —5 (2.36)
Then:

e a,(t) = t*/* — expansion

e a,(t) = t*/* — expansion

e a.(t) =t"/? — contraction

so, the x and y directions expand as time increases and the z direction shrinks, which is

a direction-dependent behavior — Anisotropy.

Therefore, we have:

pL+p2+p3) =1
ds® = —dt?® + t*P1da® + %P2 dy? + t*72dz?  with (2.37)

(p1+p5+p3) =1

,10,



Now for p; = pa = p3 = 0, the Kasner metric boils down to:
ds® = —dt?® + da? + da3 + da? (2.38)

which is the Minkowski metric for flat spcaetime.
Moreover, for p; — oo, there are no finite solutions. The valid Kasner exponents lie on
the intersection of a plane and a sphere:

e The Plane:
pr+p2tps=1 (2.39)

e The Sphere:
pi+p3+p5 =1 (2.40)

The intersection forms a circle, the Kasner Circle. So, there are no points at infinity in the
space of allowed Kasner exponents.

2.5 The Kasner Metric in 10D

Using the mathematica code:

ClearAl1["Global‘*"]; n = 10;

coord = Join[{t}, Table[Symbol["x" <> ToStringl[ill, {i, 1, 9}11;

p = Table[Symbol["p" <> ToString[il], {i, 1, 93}]1;

metric = DiagonalMatrix[Join[{-1}, Table[t~(2 p[[ill), {i, 1, 9}111;
inversemetric = Simplify[Inverse[metric]];

christfa_, b_, c_] := christ[a, b, c] = Simplify[
Sum[(1/2) * inversemetric[[a, d]] *
(D[metric[[d]l][[c]], coord[[b]l]] +
D[metric[[d]][[b]], coord[[c]]] -

D[metric[[b]][[c]], coord[[d]]]), {d, 1, n}]

1;

Print["--- Non-zero Christoffel Symbols ---"];

Table[Module[{val = christ[, , 1},
If[val =!= 0, Print[Subsuperscript["", Row[{, }], 1, " =", vallll,
{,1, 0} {,1, 0} {,1,n}

1

riccil _, _ 1 := riccil, 1 = Simplify[
Sum[D[christ[, , 1, coord[[ 111 -
Dlchrist[ , , 1, coordl[[ 111 +

Sum[christ[ , , I*christl[ , , 1 -
christ[ , , J]*christ[ , , 1, { ,1, n}], {, 1, n}]

1;
Print["--- Non-zero Ricci Tensor Components ---"1;
Table[Module[{val = riccil, 1},

If[val =!= 0, Print[Subscript["R", Row[{, }I1, " =", vallll,

{ ,1,n} {, 1, n}
1;

— 11 —




The non zero Christoffel Symbols are:

F(l)l - p1t2p1717 PgQ == p2t2p27171—‘g3 == p3t2p3717 F24 = p4t2p4ilarg5 = p5t2p5717 ]-_‘86 = p6t2p6717
_ _ _ p1 D2 D3

[0, =prt®71 T = pst™ ' Iy = pot*~!, T =T = 7,I‘(2)2 =TI3 = e Iy =135 = 7
4 4 yZ Pe P17 8 1 bs Po
F04:F40:77 F05—F50——F06—I‘60_?, I‘07—F70— aF08:F80:77 I‘09—F90—7

The non zero Ricci Tensors are:

p1+ P2+ 3+ pa+ 5+ ps + 7+ ps +po) — (pT+ 3+ p3 + i+ P2 + g + 07+ pi + )

Ry | -

(2.41)

R =
Roy =

p1(p1 + p2 + 3 + pa + ps + e + pr + ps + pg — 1)t 2
p2(p1 + pa + p3 + pa + 5 + P + pr + ps + pg — 1)t2 72
Rg3 = p3(p1 + p2 + p3 + pa+ ps + p6 + 7 + ps + pg — 1)t 2
Ryq = pa(p1 + p2 + p3 + pa+ ps + p6 + pr + ps + pg — 1?9472
Rs5 = ps(p1 + p2 + p3 + pa + ps + p6 + 7 + ps + pg — 17752
Rgs = p1(p1 + p2 + p3 + pa + ps + 6 + pr + ps + pg — 1)t?P0 2
Rrr = pr( )
Rss = ps( )
Po( )

Rgg =

2(p1 + p2 + p3 + pa + ps + pe + pr + ps + po — 1)tP72

s(p1 + P2+ p3 + pa + ps + pe + pr + s+ py — 1)t

o(p1 + P2+ p3 + pa + 5 + pe + pr + ps + py — 1)t 2

So in general,

9 9
1
Roo = t2<ZPi+ZP?) (2.42)
=1 i=1
9
= pi(ij - 1) £ (2.43)
j=1

3 Varying the actions from Sabra’s paper

Equation 1.10

— [ 4 _ & 2
5= [ dla/lgl (R~ 35 F2)

In forms notation:

/ddaz |gy<R—F2) /@(R*l—F /\*F) (3.1)

- 12 —



Where in (3.1), F,,, = dA;,—1. A1 is a potential of (m — 1)- form and dA,,_; gives us
m-form.

Now, we vary with respect to A,,_1 and use the principle of least action:

64, ,S=0 (3.2)

Applying (3.2) in our (3.1) :

55 = /5(3* 1) — /5<;Fm /\*Fm> — 0 (3.3)

Now, for the first term:
0(Rx1)=0 (3.4)

since, dependent on the metric.
So we should have:

A, S = /5(— ;Fm/\*Fm) =0

- /(6Fm A% + Fop A %6Fy) = 0 (3.5)

and,

0F,, N xF,, = F,, AN x0F,, (3.6)

So, we have:
0S8 = —e/(éFm ANxEp)
- _6/5(dAm_1) A *Fp, (3.7)

From the graded Leibniz rule:

dlaNB)=daNp+ (-1)Pands

=daANfB=dlaNp)—(—1)PaAp

,13,



So we have,

dAp—1 N *Fy = ddAp—1 A xFp,
= d(6Am_1 ANxFy) — (=)™ 16 A1 Adx Fpy,

Now,
/ d((SAm_l) A *F,,
M
:/ 0A;—1 N*F,, — (—1)m_1/ 0Am—_1 Ndx Iy,
oM M
With appropriate boundary conditions on (3.9), we have:
oa, S =e(-1)m1 / §Am_1 Nd*Fy,
M
= e/ §Am_1 A (=)™ Ld % F,
M

and,

dxF, =0

=V, (Fr2-rm) =
= (gl FH2m) = 0

Now, we vary w.r.t the metric:
From (3.1) we have:

dd _ LF2 /
where, FEL = Fly o i FHLHm
Now,
€
/5< - %Fgﬂ/ \9\)
€
— 51 | (F2 VT + Fo VD)

We know that,

1
31l = ~ 5 [l b0

— 14 —

(3.10)

(3.13)

(3.14)

(3.15)



and,

OF2 = 8(Fpy . P4
=0(g"" g Ey i For o)
— 5gﬂlvlgu2l/2 . g,umI/mFM1 MmFVl-vam (3.16)

Considering m = 2:

F2 — guagVBF,ul/Fa,B
=0F% = 56" g"PF,, Fop + g"69"P F L Fug
=0F? = 269" F),,F* (3.17)

So, for m-form we should get,
SF3 = mFyup,...p FL2 07561 (3.18)

Here, ps...pm are the remaining indices of the (m-1) summed over. One slot of F is
occupied by the varied metric’s index.

s0, (3.14) becomes:
6Smatter = /ddxe (mFMM Pme2 Pm(sglu/ V ‘g 7|9MVF2 59/“/)
€ T 1 v
B /dde 91 (mF#PZ--mevampm N 29/“’ )69#
d € / 1 p2.--pm 1 v
— d $§ |g| mFup2mmey — ﬁguy 59 (319)

Now, comparing (3.19) with the matter action we know with energy momentum tensor,

1 48
T,uu = _7m7atyter (320)
Vgl og"
=0Smatter = — V |g|T;u/5g'uy (3'21)
So, in light of (3.21) we get,
€ 1 1
T = 9 ((m — 1)!Fup2---meu2 2m!9qum> (3.22)
Now the trace-reversed Einstein equations is given by:
1
RNV = TP«V - mguy (323)

,15,



Taking the trace of (3.22),

a ;<(mil)! - 2;[1!)

€ o (2m—d
- 2Fm< 2m! > (324
Plugging into (3.23),
1 1 2m —d
(1 poepm 2 _ g2, _em—a
Ry = €<2(m e B gt = Fni g g 2)>

1 1 /1 2m—d
- F Fpeebm g F2 (24 2
2(m — 1)l Hrzpm Jubmiy (4 T ia= 2)))

1 1 m—1
— F F,02---pm _ VF2 — _
6(2(77”&—1)‘ Hmp2.--Pm* v m mm|<2(d_2)>>

-1
- _F Freepm _g g2 M2 *
2(m _ 1)] P2 Pm " v gN« m 2m|(d _ 2)) ( )
Equation 1.18

S = /ddx |g|<R— ;@Mﬁ“qﬁ)

In forms notation:

(R _ éauqb@“(b) — (R#1)— <;d¢ A *dgzb) (3.25)
Varying w.r.t -
545 = —/5<;d¢> A *dgb)
_ _% /(5d¢ A wdd + d A x5db)
_ / (5 A +dd)

_ _/ d(6¢ A *do) — (-1)?/ oo A d(xdo)
oM M
- / 5 A d(xdg) (3.26)
M
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We have used all the similar conditions used in the previous one and the fact that scalars

are O-forms. So we get,

d(xdp) = 0
and, didp = 4 « d x d¢. So,
dfdp =0
=0,0"p =0

Now, varying w.r.t the metric,

548 = 5/ddx g (R — ;augbaﬂqs)

Which, similar to the previous one gives us two parts,

3 Sgravity = /ddw <5\/ l9|R + v/ |g|5R>
5QSscalar = /ddx 5< - mguyau¢au¢)

2

Working one action at a time,

1 v v v
0gSgravity = —/dd%\/\g\guuég“ R+ 69" R/ gl + " 0 R/ 9]

1 v v
= —/ddx2v\g\guu59“ R+ 09" R/ 4l

1
= /dda; ]g](RW— 2gWR>59‘“’

And now,

1
OgSscatar = —5 / d'x <5 919" 0,00, + 59"”\/@3u¢8”¢>
1 1
=3 / d?z\/|g| <6g“” = 59 09" 9" ”> Oupdy 9
1 1
= —Q/ddm lg] <(9M¢3,,q§ - 29111/8#(;58“(;5) g

Now, comparing again to (3.21),

1 1
T;w = 5 (8u¢au¢ - QQuuaugba'%b)

1 1
= (28M¢8,,¢ - 49W8u¢8ﬂ¢>

,17,
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(3.29)

(3.30)

(3.31)
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and similarly we take the trace to plug into the trace reversed form (3.23):

"' T =T

1 1
= iglwa;ﬂsau(b - Eg“”gm,auqﬁ&“qﬁ

1 1
— 5 u(b@”(b - Zd (%qba“gb

So we get,

1
RMV = TMV — mgMVT

1 1 1 1 d
= §8u¢au¢ - 9w a,ugbaugb - ﬁguu < - 4)au¢au¢

1 2
1 1 1 d

= (2 1 2d—2 "= 2)>a“¢8”¢

= %au¢8u¢

Equation 2.26

1 €
_ d _ = _ B g2
S = /d x \g\(R 20%@9“(]5 51 € Fm)

In forms notation:
/ (R* 1— %dqﬁ A xdp — ge&f’Fm A *Fm>
Varying w.r.t A,,_1, similar to how we got (3.10):
A, S = —g /eﬁ¢(5Fm A xFp)
= —e/éAm_l A d(eP? « Fy,)

So, we have:

d(eP? « F,) = 0
8M( |g|€ﬁ¢FW1-..um) -0

Now, varying w.r.t ¢:

048 = / Vgl <;6(d¢ A xdgp) — %55¢65¢Fm A *Fm>

,18,
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Working on the inside,

1
50(do A xdg) - g BGePPF,, A «Fy

=8¢ A d(xdg) — % B6GePPE,, A xFp, (3.40)
So, for .5 = 0 we have,
_ B se
d(*xdep) = =€ Fo N *Fp,
L0000 = L g, s (3.41)
" )~ b

Now, varying w.r.t the metric:
Taking the results from the trace reversed parts R(F'),,(*) and R(¢),,(*) with the ex-
ponential:

1 m—1 1
—epBo ___— p2-Pm _ 2 Mm—=1 1
- <2(m —yieeon b Gy Fom i = 2)) 5 0u 0000
1 eeP? m—1
= —0,00, - | F FP2e-Pm VF2 *
2 M¢ ¢+ 2(m—1)'< HP2...Pm ~ vV m(d_2)glt m) ( )
4 Reproducing Sabra’s Solutions
The Kasner metric generalized:
d—1
ds® = egdr® + Z €% dx? (4.1)
i=1
with,
d—1 d—1

ZaZ-:Za?:l (4.2)

Jrr=eo

gii = &M (4.3)

4.1 A d-dimensional Gravity Theory with an m-form

The action,
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€
S = /d% lg] <R — MF%) (4.4)

The equations of motion are:

! (m 1)
L Fruy.a, FO20m _ g - 4,
Ry 6(2(m— 1)1 poz--om I zm!(d—2)F3n> 0 (4.5)

Ou(\/|g|FH72-vm) = 0 (4.6)
Now,
0;gii = 2a;6;7°% 1 (4.7)
The non-zero Christoffels:

1
I = 59""0:9i

2
_ &% 2a;-1 (4.8)
€0
A _ %
%= 59 Orgii = — (4.9)
From these we compute the Ricci tensors R, and R,,s,; We get,
=
R, = = Z(ai —a?) (Sabra Eqn 1.12 ptl)
i=1
d—1
Ry, = coeiT4 %q,; <1 — ak> (Sabra Eqn 1.12 pt2)
k=1
Now, considering the m-form:
F = Pdzt Adz?® A -+ A dz™ (4.10)
Which we get from,
1
Fy, = mquz---umdajm AdxH? Ao Adat™ (4.11)

and, since dz' A dz? A --- A dz™ already includes m!, we have,

Fp = Fio. mdzt Adz? Ao Adz™ = Pdz! Ndx? A--- A dz™ (4.12)
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Where, F12...m = P.

Now,
F12...m _ gllg22...gmmF12mm _ (6162 o em)fleQ(alJraer-..Jram)P (413)
Now, for F2,
Fgw = F#luzmumFMmeum
_ m!F12mmF12...m
= m!P2(6162 . em)_lT_2Sm (4.14)
Now, going back to Q(ml_l)!F/IzOLQ..AamFVaQ.”am- We hayve,
1 Qs...0un 1 2 -1 —2(Sm—a;)
mF#QZWQva = §P (6162 e Em) €T (415)

(m—1) 5
RTT +g’r7'2m!(d_ 2)-Fm
d—1
1 (m—1) L
2 (ai *CL?)JrEomPQ(eng”,em) 1=25» _

Now, in (Sabra Eqn 1.12 ptl), we can see that it scales as,

R <772

But for (4.14),

2 -28
Fy oo™ oom

So, in order for them to scale in the same way:

Sm =1 (Similar to Kasner

3¢; & (Sm — a;) comes from the lower index and (m-1)!

— 21 —

(First term in parenthesis

is zero since no time dependence.)

(4.16)

(4.17)

(4.18)

constraint) (4.19)



Now, for R;,z;,

d—1

__ € 1 o
coeiT % 2ai(1 — Zai) — §P2(61€2 c€m) e, 7 2(5m—ai)

=1
(m—1)
iy a2

1

d_
—eoe; 72% 2q; (1 - ZaZ-) - §P2(6162.

i=1
d—1
20, (m—1) 1 P2
—i-;eﬁ 2m'(d—2)6 m!P*(e1€o

d—1
—epe; 7% 2q <1 — a,) _tp (e1€2
i=1 2
d—1
+ cieeren. .. e) P2 A Emmas)
=1

d—1
—epe; 7% 2q; (1 —
i—1

Now, we know,

e m!P?(erez. .. €n)

ai> —e€i(€1€a. ..

fleQSm

(4.20)
) .em)_leﬂ_Q(Sm_“i)
) .em)_lT_QSm
) .em)fleﬁ*Q(Sm*ai)
1 s 1 (m-=1)
1 —2(Sm—a)p2f Lt (M—1)
€m) T P <2 2(d2)> (4.21)

& " 2 a (1 - dz_l a-> —eci(€r6a. .. ) L2 Smma) p2 (1 - (m—l)) =0
£ 2 2(d—2)
d—1
=06 2% 2q; <1 — Z ai) = eei(erea. .. em)_lTQ(S’"_‘“)P2 (; — m) (4.22)
i—1 (d—2)
Applying the constraint, S,, = 1
d—1
_ 1 (m-—-1)
€na; (1 — Zal> = —6(6162 em) 1P2 < —
P 2 2(d-2)
d—1
d—m—1
{1 _ _ 2
=€00; <1 ;az e(er€a ... €m) < 20d—2) > (4.23)
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We can see here that,

U

-1

€0a; (1 —

ai> = Constant (4.24)

=1

So, we get something like,

1-5

|
Q

€oal (4.25)

1-5 (4.26)

€0az

7 N N
N~
Il

Q

€0ttm (1 - S) = C (4.27)
So, we have,
a1 =a9 =+ = A (4.28)

Previously, we had i < m but to find a consistent solution for ds?, we must solve for
every a;, that is including those corresponding to directions not appearing in F,,. That way
it guarantees the spacetime as a whole satisfies Finstein’s equations.

Similar to Ry, we find R ., but here, F, =0 (j > m) : Fja,..—0. We only have the
trace term,

m 2 o
= €0aj(1 — S) =C (4.30)
So, we have,
Omal = Qmiy2 = "+ = Qg_1 (4.31)

Now, solving for the exponents,

gy, = L m) P <d_m_ 1) (4.32)

So for the ratio we have,
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A, d—m-—1

4.33
ag—1 m—1 ( )

The ratio says that it expands/contracts in the opposite directions.
From the constraint S, = >_." a; = 1, and all of m has the same exponents,

1
Moy =1 = ap = — (Sabra Eqn 1.14 pt2)
m
Plugging (Sabra Eqn 1.14 pt2) into the (4.33):

1
P :_d—m—l
aqg—1 m—1
m—1
=>qj1=——""— Sabra Eqn 1.14 pt3
ag—1 m(d—m — 1) (Sabra Eqn pt3)

The total sum of the exponents is given by the m number of a,, which lie inside the
m-form and the remaining of the d — 1 which is (d — 1) — m,
d—1
S = Zai =map + (d—m —1)ag_q

1 m—1
=me o T dem =) T
1
(1 4.34
<1 m) (434)
So, we have,
1
1-85= <1 - 1> and, S=— (4.35)
m m
Now, plugging (4.35) and (Sabra Eqn 1.14 pt3) into (4.29),
ag_1(1— ) = —( )—1L_1p2
€0ad—1 = —c(e1...€m 2d—2)
m—1 m—1 4aom=1 _,
—en| — = —eley... QP
60( m(d—m—l))( m ) )y
—=€0 —mQ(d—m—l) — €(€1...€m 72(d—2)
20d=2)m =1y _ep? (4.36)

=€ m2(d—m—1) (61..

Now, something to note, we had ¢ = +1 and so we should have % = ¢. And there for we
have,

2(d—2)(m—1)

m2(d—m — 1)

P? = eep(eq ... €m) (Sabra Eqn 1.14 ptl)
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4.1.1 For a 4D Maxwell Field

For a 4D Maxwell field we have d=4 and m=2. From (Sabra Eqn 1.14 pt2) and (Sabra Eqn 1.14 pt3)
we get,

1 1
m = = ] = — = 4
a 5 adq—1 9 ( 37)

We have 1 time and 3 spatial dimensions and the number of exponents are given by:
(d—1) =4 —1 = 3. So the spatial exponents are a1, az, as.
So, the Kasner metric looks like,

ds® = —dr* + 7% dz? + 722 dal + 723 dal (4.38)

where, a1 = ag = 1/2 % and a3 = —1/2.°

Now, the field strenght constraint,

2(m—1)(d —2)
2 _
P =eep(er...€m) mEd—m—1)
= eep(e1€2)(1)
= €€p€r€n (Sabra Eqn 1.15)
Using the signature (-,+,+,+),
e =1 €1 =€y = +1 (4.39)
So,
P?= ¢ (4.40)

P? is the square of the field magnitude and has to be positive for a real magnetic field.
So for that, e = —1.

4.2 A d-dimensional Gravity Theory with a Dynamical Scalar Field

The action,
d 1
S= [ d%/|g|| R— §8H¢8“¢ (4.41)
Considering the metric (4.1), we have
1 y 1
TT —— (22 - 442
g - 9" = (4.42)

41t is because F» = Pdz* A de, SO a1, az scales in the same direction.
5This does not satisfy the vacuum Kasner constraints, it’s modified by the field.
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Previously, we the equations of motion for this action to be,

8,0"p =0
1
RMV - 5(%&,(]5 == 0

Using,
1
auauéf) = \/ﬁaﬂ( lglg"" Ov¢) =0
For, ¢ = é(7),
L o (Vlglg 0 d(r)) = 0
\/m T T
1 Mﬂ)
0, =0
- (m L
= S00,(53(7)) =0

where, we took /|g| = CT®
We have,

T9¢(t) = Constant = dy

=¢(1) =dT5
=¢(1) = /le_2d7'
=(r) = 12 4

But if we apply the Kasner constraint (4.35),

(1) = dy /T—ldT =dylogT + do

Now,

1 .

_ = 2_12
Rep = 5(0:0)* = 59

— 26 —
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(4.44)

(4.45)

(4.46)

(4.47)

(Sabra Eqn 1.19)

(4.48)



Plugging in ¢ = d; 71 and (Sabra Eqn 1.12 ptl),

T 2\ T
d—1 d—1
d
= a; — CLZ2 4 =0
; 2
=1 =1
d—1 d
2 1
=1-— Z aj -5 =0
=1
d—1 d—1
2 di
= > a + 5 =2 L= 1 (Sabra Eqn 1.20)
i=1 =1

(Kasner-dilaton constraint)

4.3 Brane Solutions

We start with d-dimensional gravity theory with an m-form.
The action,

p d—1
ds? = 2U(7) <€0d7’2 + Z 6i72aid.%'12) +e2V(1) ( Z Eszaj dx?)

i=1 Jj=p+1

(4.49)

Where, €, €;, €j take values £1 and a;, a; are all constants. Clearly we have d = p+¢q+1.

The non-zero components of the Ricci tensors are,

d—1
. . .. . 1 . . 1
Ry, =—qV —pU —qV(V =U) — ;((s — DU+ 2V) — - § (ap — ax)
k=1

Rz, = —easir™ {U B % * (U " a) <(P — 1)U +qV + - S>]

Ryn; = —egeje?V T2V 24 [V - % + (V + a;) (qV +(p-1)U+ ha S>}

T

Where,

d—1 p
=Y o 7 =3
i=1

Jj=p+1

Imposing the relation introduced by Sabra in the paper,

GV+{p-1)U=0
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We get the Ricci tensors to be,

R, =-U— [12(H>Z]UMMU2

q T q
Ryz, = —epeiT% (U + U)
-
1 2-a . )
Ry, = P 2550 20, (U N U>
q T

The form in consideration is,
F, = Pdxy Ndxa N --- Ndxy

Also from (4.54) we can see that,

we can see here that V and U are not independent.

Moreover, for ¢ we have,

F:m...zp =P
—1_2(1—-p)U_2a;—2
Forr = P(er...€p) e2(1=p)U 2a;=2s

F2 = plP%(e; ... ) e 2V 2lnIU 2

From,

. 1 ag...q (p - 1) 2
o = €|y eren T T I g =gy

The first part,

1
1
:72( 0 (p—1)lei(er ... ep)*1P262(1*p)U7'2“i723
p—1)!

And the second part,
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(4.57)

(4.58)

(4.59)

(4.60)
(4.61)
(4.62)
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2 -1 ,2(1-p)U__—2s ,—2U
:—gmmp‘P (61..,€p) 16( P) 725,

o p—1
2q; P P2(61 p)7162U€2(17p)U672U7_723

P2(e; ... ep) tePmPIU p20i=2s (4.65)

Combining them together,

2a;—2s P2 —1 _2(1—-p)U q
Ryz, = €6,7°Y % Po(e1...€p) € (1-p)

2(d—2)
_ 2a; Y\ o 2025 p2 —1_2(1-p)U q
= — €T <U—|—T) €€;T P(er...ep) "€ -2
=U + v + eegler ...yt 4 p2.20-p)U =25 _ (4.66)
T Pl 2(d - 2)

Now, for R.;, the first part vanishes since the flux has no time dependence. So we have
only the trace term,

—1
RTT = _977'62(pd — 2) P2(61 - ep)ileZ(lfp)Usz(je*QU
=R = _60710 -1 P%(e;...€ )7162(171))[]7'723
2(d — 2) P
3 d—2 U (p—1(d-2) p—1 -1 _2(1— -
—U—-|1-2(—)i| = - "L 2% =— P2(e; ... (1=p)U =25
- [ ( q )]T g -z’ @) e
.U —1)(d—2) .. -1
=-U-— a— - (p)q()U2 = —602@ 3 P%(e; ... ep)_lez(l_p)UT_Zs (4.67)
Now,
_p=Dld=2) 1)(](d ~ 22 _ g2 (4.68)
We have the equations of motions to be,
. U o
U+(1—2l)?+(p—1)U =0 (4.69)
. U
U+~ +ecoer .. ~6p2(dq_ 2)62(1_p)UP27_28 =0 (4.70)
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Setting f(1) = U,

U .
U+(1—2l)?+(p—1)U2:O

f(7)

=f(r)+ (1 - ) ==+ (- Df(r)?*=0 (4.71)

Choosing,

Y(7) = - DUG) (4.72)

Solving for U,

:>§ =(p-1)U
: 1 Y
Uy
S
=I'=5 . 1 = Y2(Y) (4.73)

Plugging (4.73) into (4.71),

. : o
1 YY—(Y)2+(1—21)§+<Y> 1 0

(-1 Y2 T(p—1) ) (p—1)
=YY — (V)2 + =2y (Y)2=0
T
vy + B2yy g
T
Ly L2y (4.74)

T

Substituting Z =Y and Z' =Y,
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:/CZZZ:/(%_D-dT

=InZ=02l-1)Int+InC
=7 = Ar@-1
=Y = Ar¥-!

:>£ = Ar¥-1
dr

:>/dY = A/T”ldT

2]
Y=A—+A
= 2 + Ao

=Y =c + 627'21
21

=P DU = ¢ 4 cor

=V = (¢1 + cpr?)V/ (=D

SU(T) = ——Tn(e1 + cpr?) (4.75)

Working out each parts for (4.66),
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21 027'2[71

U= 4.76
(p—1)c1 + cor? (4.76)
N, 20 (20 — 1)ciear? 2 — C%T4l—2 (4.77)
(-1 (c1+ cam?)? '
We also have,
g 21-2
_ i (4.78)
T (p—1) c1+cor?
212U (c1 + 627'2[)72 (4.79)
So, we have (4.66) to be,
412 c1cor?l 2 19 2 1
T =1 (e +ere el P e e O
41% _ _ —2s
oo 1)01027'21 Z +eeoler - €p) 12(d ) P37 =0 (4.80)
Using the Kasner constraint,
d—1 d—1
ar =Y ai=1 (4.81)
k=1 k=1
or, (s+1=1) 4.82)
=l=1-3s 4.83)
We then have for (4.80),
4% q
—9s -1 2
—_— ... Pl =0
T <(p — 1)0102 + ee(€r ... €p) 5d—2) >
2(d—2) [ 4l? 4 q )
e Pe) =
= . <(p_1)0162+660(61 €p) 5d—9) 0
8(d — 2)I?
;(p_l))clcg +eeoler ... 6p) P2 =0 (Sabra Eqn 2.11)
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5 Considering a Metric and Flux Ansatz
Considering an ansatz for a metric in 4 dimensions,
ds? = ) < —dt? + e Wda? + 2 g2 + eVS(t)d:%)
=ds® = —e®Wdp? 4 2Ot gg2 4 oW+12() g2 4 B+ g2

3
=ds? = —e*Dg? 4 1) Z i) gz

i=1

With a scalar flux ¢(x,t) along with the flux ansatz,

Fy = fi(z)q(t)dt Ndxy + fo(x)qe(t)dt A dxe + f3(x)q3(t)dt A das
And the action is,
S:/ﬁ% m(R—;@@W¢—z;£%€>
We know,
ds? = g datda’ = ds* = goo(dz)? + 2g0ida’da’ + g;jda’da’
But the metric does not have any cross terms so we have,
goi =0 9i5 =0 (for i # j)

So, we have the form:

3
ds? = ) < —dt? + Z e%(t)da:g)

i=1

where,

6oz(t) gOO — _6—a(t)

i _ g—la(t) ()]

goo = —

gii = e*O+n() g
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5.1 Computing the Ricci Tensors

The Christoffel connection is:
a 1 ad
be = 59 (Ovgdc + Ocgbd — Oagac) (5.9)
The non-zero Christoffels are:

1 1 o o 1.
I‘00 = *900(80900) = 5(—6 )(—ce) = 504

2
1 I o, . 1
F’LOZ — 5900(609”) — 56 Oé(a 4 ,.yi)eorf"% — 567’(05 +’)/Z) (510)
. A 1 .. 1
0i = Lo = 59" (Dogui) = 5 (& + i) (5.11)
The Ricci tensor is given by:
Rij = 0T} — ;T + D5 T, — Th, T (5.12)
So, for Ryp and R;; we have,
Roo = 0Tl — dolhy, + ThT —T6 5.13
00 = Ikl oo — ol o + Lol km Ok (5.13)
Working term by term:
k 0 L.
—9oTk, = —8p(TY, + Zri —20 — Z ~5i (5.15)
rkorm = 2a+z ~v) =a?+ aZ% (5.16)

I, = —<§a>2 - Z(%(a ROEEER IO SRS D DL S (30

7

So we have,
Rooz1@—2@—21&»+a2+1a27ﬂ—a2—1@21.—127‘-2
2 —~2" 47 =" 274" 44T
_127_10427_1272 (5.18)
20 4 g '

Similarly for R;; we get,
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Ry = OpT% — oTk + Tk — Tk T

im= ik
Lot gieaar i) — o+ (L) (2a+ L35
—26 a9 T yila Ty 26 QT Q 9 Yk

_ 2(;ew(d+y‘i)> (;(a+fy'i)) k

[ N .o 1 .
— g (ararat e 3 St g ;w) (519)
So we have,
3. I, 1. o1 .2
Ry — L d+ﬁz+a2+aﬁ-+1a27‘k+lvz% (5.21)
(22 2 3 3 2 - 2 3 - .
R;; =0 (no cross terms) (5.22)

5.2 Computing the Trace Reversed Einstein Equations

From the previous exercise we found the energy momentum tensors of to be,

1 1
T(¢)uu = (2au¢au¢ - 49W6M¢8“¢) (5'23)
cebP? 1 1
T(F)ul/ = 5 <(,rn_1)!FMPQ---me1€2mpm — MgMVFT%’> (524)

So, we should have,

T =T(P)pw +T(F) (5.25)

T = (L0,00,6 - L0000 ) + o (— L g mpeen ~ Lo 52 (526
1% 92 12 4 12 Y 2 (m_1)| HP2...Pm " v le 14 m

And the trace,
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T = gMVT/JV

= g ) po)+ (L g Fpreom — Lo 2
=g u¢ P — g;w u¢ ¢ +7 m wp2.pm L'y - ﬁguu m
e 1 1
Ko — fd e — _F? — —_dF?
< k0" Oudd ¢> 2 ((m— nrm™o 2ml m>
1 d eeP? 1 d
—(Z_Z I _ 2
<2 4)3"¢a ot <(m—1)! 2m!>Fm
_ (d-2) " eeP® ., (2m —d
= 1 0,0 ¢ + 5 F T (5.27)
Plugging into the trace reversed einstein equation,
Ruy =Ty — g T
pv — L v (d — 2) guy
for the <(di2)g,wT> part,
1 (d—2) eeP? o (2m —d
v = 0,00 F
I (d—9) [ N N ) Gy
1 eeP? 2m —d
= _Z p 2
g””[ On00" 0+ =5 Fm<2m!(d—2)>}
PPN g 2mmd (5.28)
T OO T I m 9d — 2) ‘

So, we should have,

eeﬂ<f> 1 popm L 9
R;w = u¢au¢ g,ul/ ,u(ba (b 2 WFMPQ...meV - ﬁgm/Fm

eeP? 2m — d
2
10n006+ S g <2m,( —

1 1 eeP? 1 2m —d 1
— _ — = — — - | —_— P2---Pm __ 2 _
(2 4>a“¢8”¢ 48“¢a”¢+ 2 {(m —qyr oo b g“”Fm<2m!(d— 2) 2m!>}
1—-d eeP? 1 m—d+1
= _— - P2...Pm __ 2 e -0 -
( 4 >8“¢8”¢+ 2 [(m i ooty gWFm(m!(d— 2) )]

1-d ee’® —d+1
= (55 Yoo s g [t e = (M5 (29

And from here for Rog, R;; and R;; we get,
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ec/? p2..-pm 2
00900 + py) MmEop,...pm FY — gooF,

m—d+1

()
()

Ri; = ET%@@&MJFZGT:T[mEm.meJﬂa-- om = 9ii Py ((d?)
()
)

Q
SN
&
<
_|_
[}
®
®
=
7N

p2.-.P
mEip,.. ppmF ’")

B m—d+1
Iml [mﬂ'ﬂz---meinmpm - gann(

4 2m/! (d—2)

(=D oo+ L, Frrrn — eru0 g2

N 4 ! 2m/! P2 pm
The metric,

ds? = ¢*® ( —dt? + O dg? 4 e2Wdg2 4 3O dm%)
Generalized,
3
ds® = e“(t) ( —dt* + Z e%(t)dx?>
i=1

where,

3
g = _ea(®) gii = Z )+ ()
i—1

The equations of motion obtained:

Ruzx — 5 ,ugbal/gb + |:

o |g|eﬁ¢FW) -0

1 _ B ps5m2
\/maﬂ<\/ﬁau¢> = 466 )

FuaF — 1 Fg gu,,}
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A m—d+1
oy [mFopz mep2 mge (t)F2 <(d—2) )]

m—d+1

(M)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
(5.37)
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We also had:
3. 1 .1 1 .2
3002—204—2% ¥i— & EZ %‘—4% Vi
Ry = Lew &+ﬁ«+a2+ay-+1a§ 7‘k+17‘-§ Vi
(22 2 7 7 2 - 2 (3 -

R;; =0 (no cross terms)

Now,
F§ =F,, F"
=2 (goog“F&-)
e 20 uO F2
and,

3 3
FooFy =) ¢"Fo=) e W0,
i=1 i=1

Considering for pu,v =0,

1. eeP? 1
Roo — §<Z52 3 I:FOOcF(]a - 4F229tt] =0

We have,

1. eeBoT 1

Roo — §¢2 -3 _9“F02i - 4F22900} =0

1. Bo T 1
:>R00 o 7¢2 _ €e e_a(t)_'Yi(t)FOQi + 7F22604(t) =0

2 2 | 4

Ly e[ avp2 L a0t . o) 2
:>R00 — 5 — B e FOi — ie - e FOi

1. 8o 1
=Roo — > — €e F2 lemo@=mt) _ Zema)=7()| — g

2 2 2

1 eeP? | AN
S ng[ o—alt) %m] _0

3., I, 1., Ig.o b1y e 501
:>_§O‘_§Z%—ZO<Z%—ZZ%‘ = 59" = 5 Fo | 5e T =0
7 K3 3
3 1 1 1 1 €e 1 _
= =505 A= g - g2 W - 58 - 5 o%[ emel W} 0
7 A 4
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(5.40)

(5.41)

(5.42)
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Now, using the E.O.M (5.37),

8u< |g]eﬁ¢F’“’> =0
=/|g|e’?F* = Constant (5.46)
For (00) component we have,

eﬂ¢googiiF0i = constant
= — e 200 R = constant

= _ 6ﬁ¢*2a(t)*%'(t)F0i = constant (547)

and for the determinant,

G = diag(—e®, e, 22 ) (5.48)
So we have,
det(g) = (—e®) (e M) (e*72)(e218) = ety
=/ |g| = o205 31 i (5.49)

Putting everything together,
o203 37 Y (—eBo-200-u O F ) = ¢
= _ B 3Ny, = O

= Fy; = —Ce P ¢m27ai(0) (5.50)

Plugging (5.50) into (5.45),

—gd—%Z%—idZ%—iZVf—%dﬂ—C:O

3. 1 N o1 . 1.
R P SR LD DLt D UL Ll
(5.51)

From (5.38),
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Where, \/[g] = 220+ 2" % and (5.42)

So, we have,

6
\/gaqu) efo=2al= (t)Fozi
\ / (

8 3.0)
S ( _ Ce—/&ﬁ—g%‘(t))

_ gee—w—za(w—ma)cz

2
= — %66_5‘15_20‘@)_477;(0 (553)
So,
05 —Bd—2a(t)—dvi(t)
Vgl auqs) = Bo—2a(t)—4;
7o
2
1 C?B
H 13 — + 'Yz() ﬁ¢_2a(t)_4'71(t)7
6%@6¢+¢E@6¢ .
=(0uV/19)9"6 + /1910,0"¢ = —025 ce~ P83 (5.54)
For 00,
C*B gy 1.,
(@ 919" Deep + \g\g“afqb) = e P00 (5.55)

Attempting part by part,

3. —a .
’g’gttat(b :(6t€2a(t)+% > ’Yz) (t)(b

(ga Z%> 2a(t)+} 320 3(0) alt)
( Zy) Oé(t-i- ZS%( )¢ (556)

lglgttd = o)+ Zgwé (5.57)
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Putting everything together,

Substituting,

_ 1 3
(260 + 5350
- 3
= <2d(t) + % > Hu(t)
- 3
= (2a<t> £33 )

dlg o6 + \g\g“af<z>)

)ea<t>+; IDRADRSRNCEES »vp

Z,}/Z>¢+¢:| + S yi(t)

)' 150w _ OB —po- 150
2

] 2

) _ _02/86670(1‘/)*5(#*4%@)

T 2
) n %Ee—a(t)—,&i)—‘l%(t) -0

$+Pop+Q=0=2+PZ+Q=0

Where,

= 26t Z%

Q- 025 —a()~B6—43 (1)

Using the integrating factor,

Say, [1 = pP,

pZ 4+ pPZ = —pQ

p=pP
=P

:>/’udt:/Pdt
1
:>lny:/Pdt

= o) Pt
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(5.59)

(5.60)

(5.61)

(5.62)

(5.63)
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Now,

jt(uz) uZ + pZ = pZ + uPZ (5.65)
So we have,
©(12) = —4Q
=>pz = /Mth +C
7 —; / 1Qdt + Co (5.66)
So we have,
6= [ nQit+cy
=¢ = e J Pt / e Pt <C;ﬂee_a(t)_5¢_4%(t)>dt + Co
= = —Czﬁef Pt / ef Pdt=a®)=Bo—4n(®) gt 4 (5.67)
Now,
1 3
/Pdt / <2a(t) +35 > %(t))dt
= 20(1) + 53(t) = (5.68)
So, we have,
b= _C;ﬁ’em);w(t) (2ot bt -a() -89 gy | ¢
I S i P YRV RN (5.69)

2
Going back to (5.45),

N B I
7 7
5= Sh— s - 30 YA g
(A (A
L RO T ) ST
3 3

Plugging in (5.69),

Z i
Z ¥i

5
L
~ 3¢

— 492 —

]. ‘2 ].'2
EZ%‘ —505 -

ceP?

R, Beaa)w)} _0

2
o 2
04 e—Bo—al)—i() _ g (5.70)



3 Iy s Lo Ixmio 1 OB s snm-aw) _ C2€ —po-ay—n()
‘20“22%‘4“2%‘42%‘2<‘26 O ) s S =0

3. I Lo 1INz, OB s aum-att) _ C7€ —go-a( -
é—a—zzi:%—zlozzi:%—zlzi:% +—e€ 7 - —e T =0

2 4 4
(5.71)
Considering for p, v =i,
1 hé 1
Rij - 50,6016 — = [FF - 4F§gu} =0 (5.72)
Now,
FiaF? =Y 9" Fg;
=e~ O Fy,
2
__ al®) ( _ Cemgw(t))
_ _ (2p—alt—286—3 (5.73)
and,
1
Z 22911
1
:1(_26_%“)_%“)1’02@') " Gii
1 3 2
:1 [ — 9¢—2a()—i(?) < _ Ce-ﬁd’—gw(t)) } - Gii
2
_ O 20 -286-4i()  go®)+in()
2
2
__C —am-286-Tn) (5.74)
2
So, we have,
2
- 132(;5 _ ﬂ [ — C2e—ot)=266=37i | Qe—a(t)—2ﬂ¢—%%(t) -0
¢ 2 2
2
=R — 1312(? _ S L o2ema®)—Bo-3v Cie*a(t)fﬁaﬁf%w(t) =0
2 2 2
2
R, %agqb ~ %e—aw—m [ . ;e—éw(w} _0 (5.75)

Again, from (5.38),

— 43 —



1, i\ _ B sop2
o Viloe) = feerers

:a,-(ﬂa%) = \/@%WF;

(@906 + VIgloi' = Vgl o F3
= VIgl0d'6 = Vgl o FE — 0/
0,00 = PeePory 1|g|(8i\/!?)8"¢

N

=¢"0%¢ = %6%@2 - L(ai\/m)a%

vl

e g2y = %65¢F22 - —=(0:/g))0'¢

vl

Be o , 1 i
=02¢ = Zeﬁdwr %O g2 — m(ar /1g])0' ¢

Vgl

Solving part by part,
%€B+a(t)+%‘(t)F22

T %eﬁwa(t)ﬂi(t) e 20()=i(?) <FijFij>
=0

and,

1 5
—(0; "0
\/W( V1gl)g" 0i¢

20— <ai(e2ﬂ(t>+é% (t>)> o=,

=0
So, we have,

9} =0

Now, plugging this into (5.75),
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2
Ry — %e—a(t)—ﬁaﬁ [ e 4 ;e—gw(t)} -0

| T SRS A S SR C% _a)-
:>26%<a+’y¢+a2+a’y¢+2a;7k+2’yizk:%> — — o0 5¢[—e

2

Now for p =17 and v = j,

Rij — 1<z>8]¢ - —6 [FF F%gij} =0
=0 — Z¢aj¢+ FQQW =0
:>§6i¢8j¢ =0
=0;¢0-0;0 =0
So,
¢ = Constant
For p,v =0,

—3v 4 %e%w(t) -0

(5.80)

(5.81)

(5.82)

3_, 1 .. 1 . C,B —Bp—4 t 026 —Bop—a(t)—vi(t
_204_22;%_4@2;% Z% o) _ € =poma=n) — g

For p,v =1,

(5.83)

Lo (aa gt tamir 2a Y+ i S i) - Slerase[ vy L] g
2 ! 2 - 2" - 2 2
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6 Conclusion

While the expectation of going beyond Kasner solutions with stringy ingredients; form fields,
the dilation coupled to the form field, making it a fitting candidate for toy models of string
theory, without having the final solutions still leaves it inconclusive. However, the results so
far seems quite promising. We have a scalar field which varies in the time component and to
be considered a rolling scalar field, requires a potential V' (¢). But, the background solution
here has no potential so rolling in not in the picture. Interestingly, we have the results so far
while having the Kasner exponents being time dependent. Coming from the metric ansatz
(5.1), we calculated the Ricci tensors, the equations of motion and acquiring the trace reversed
Einstein equations. From the equations of motion we got that the scalar field has evolution in
the time components. The 2-form flux ansatz took the calculations further to a suitable halt
for the time being with expectations of this being a good candidate for Kination epoch, early
universe anisotropy, String theory and Supergravity, if it also satisfies R < 0 and has rolling
from fluctuations around the background. Moreover, questions may arise from a holographic
point of view (AdS/CFT, which also has the condition for R < 0 and constant). In standard
AdS/CFT we have asymptotically Anti-de Sitter space but for the Kasner metric we have
expansion or contraction (non static) in time with anisotropy. So, the question arises that can
one define a dual quantum theory in a universe with the boundary being time-dependent? A
more concrete path can be found as we keep progressing with the calculations and properly
evaluate the results.
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Appendix
A Differential Forms

A.1 Types of Forms

0-Forms:

A 0-form is just a function:
f:R—>R

1-Forms:

A 1-form is a liner combination of differentials:

w= fi(z)dz + fo(x)da® + ... + fo(z)dz"

i.e; w = xdx + ydy
”An object that eats a vector and spits out a number.” (acts on a tangent vector)

2-Forms and higher:

A 2-form in R¥ might look like:

dv=zdyNdz+ydzNde+zdxANdy

Here,
e A is the wedge product, a way to ”stack” differential elements.
e It is anti-symmetric: dz A dy = —dy N dx

These describe oriented areas, volumes, etc.

A.2 'Wedge Product A

If « is a 1-form and § is another 1-form, then:
aNpB=—-0ANa

This captures orientation and area in higher dimensional space.
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A.2.1 Workings of the Wedge Product

Taking two 1-forms on R3:

Q= f(xa Y, Z)dl‘

B=g(z,y,z)dy

Their wedge product is:

aNB=fgdxNdy
This is a 2-form. Here, dx and dy are 1-forms. The wedge bilinear function of two tangent
vectors.

(dz A dy)(v,w) = dz(v) - dy(w) — dz(w) - dy(v)

et [dm(v) dx(w)}

dy(v) dy(w)

Just the determinant of a 2x2 matrix.

Therefore, dx A dy measure the oriented area of the parallelogram spanned by v and w,
projected onto the xy-plane.
Now, if we swap:
BAhNa=gfdyNde=—fgdxANdy
We can wedge together up to n different dz*’s in R"; any repetations like dx A dx is zero,

because:

dx Ndx = —dz Ndx = de Ndx =0 (A.2)

A.3 Exterior Derivative (d)

This is a generalization of the gradient, curl, and divergence into a single operator.
If f is a O-form (function), then:

df = j‘i -dz’ (A.3)

If wis a 1-form, then dw is a 2-form, like computing curl:

Curl - F +— dw

Key Identity: d%w = 0 just like curl-(grad(f)) = 0
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A.3.1 Workings of the Exterior Derivative

It can be said to be a differentiation that climbs up dimensions. This generalizes gradient,
curl and divergence.

Let’s say we have a 1-form in R3:
This corresponds to a vector field F = (f, g,h)

Applying the exterior derivative:

dw = d(fdx + gdy + hdz) = df Ndx + dg Ndy + dh A dz (A.4)

Now, for df Adx :

df Ndx = (0, f dx + Oy f dy+0.f dz) Ndx
=df Ndx = 0, f de Ndx + Oy f dy Ndx + 0. f dz N\ dx
=df Ndx = 0yf dy Ndx +0.f dz Ndx (A.5)

Similarly for dg A dy:

dgNdy = 0pg dy Ndx + 0, dy N dz (A.6)
and, dh A dz:

dh N dz = 0zh dx N dz + Oyh dy N\ dz (A.7)

Plugging A.5, A.6 and A.7 into A.4:

dw =0y f dy Ndx + 0. f dz Ndx + 0,9 dy AN dx + 0, dy Ndz + Ozh dx A dz + Oyh dy N dz
=dw = (0,9 — Oy f) dv Ndy + (0 — 0. f) dv Ndz+ (0y — 0.9) dy N dz (A.8)

This corresponds to curl -F.
Now, lets say we have a 2-form in R*:

dw = A(z,y,2) dy Ndz+ B(z,y,2) dz Ndx + C(x,y, z) de A dy

d(dw) = dA(x,y, z) dy Ndz + dB(z,y, 2) dz Ndx + dC(x,y, z) de A dy (A.9)

— 49 —



dA ANdy Adz:

(dANdy Ndz = 0, Adx + 0yAdy + 0, Adz) Ndy N dz

= dANdyNdz=0,Ade NdyNdz+ 0y dy Ndy Ndz+ 0, dz Ndy Ndz

= dANdyNdz =0, A dx Ndy \dz (A.10)
Similarly we get,
dB Adz Adx:
dB Ndz Ndx = 0yB dx Ndy N dz (A.11)
dCAdx Ady :
dC Ndx Ndy = 0,C dx ANdy Ndz (A.12)

Plugging (3.8), (3.9) and (3.10) in (3.7):

d*w = (0, A+ 0yB + 0,0) dz Ady N dz (A.13)

Which corresponds to V - F' = 0, A + 0yB+ 0.C

A.4 Hodge Product (%)

In R™ with a metric and an orientation, the Hodge star is a map:
* 0 AR — AnE
that takes a k-form and turns it into an (n — k)-form.

It is defined so that,

a AxB = {a, B)vol (A.14)

Where, («, /3) is the inner product of forms and vol is the oriented volume from dxAdyAdz
in R3.

A.4.1 How it acts in R3

In 3D, using the standard basis and orientation dz A dy A dz:
0-form to 3-form:

*1 =dx Ndy Ndz (A.15)
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1-form to 2-form:
*dr =dy Ndz, *dy=dzANdx, *dz=dxNdy (A.16)

2-form to 1-form:
*(dy Ndz) =dx, *(dzANdx)=dy, *(dzAdy)=dz (A.17)

3-form to 0-form:

*(dx Ndy Ndz) =1 (A.18)

A.17 is just the "reverse” of A.16, because % is invertible and in Euclidean signature
** o = « for 1-form and 2-form.

Form the example of 2-forms we saw earlier in section A.3.1:

dw = A(z,y,2) dy Ndz+ B(z,y,2) dz Ndx + C(x,y, z) de A dy
= dw=Ax(dyANdz)+ B*(dz Ndx) + C * (dz A dy)
= xdw = Adz + Bdy + Cdz (A.19)

In R3, we can interpret:
e A 1-form Adx + Bdy + Cdz as the covector version of a vector field (A,B,C).

o A 2-form Ady A dx + Bdz N dx + Cdx A dy as the flux form associated with the same
vector field.

so, the Hodge star acts like:

(flux 2-form) <> (vector field 1-form)

A.4.2 Why It Matters

e If we start with a flux 2-from, dw (encoding a magnetic field). d?w is a 3-from repre-
senting divergence from language.

o If we want that divergence as a scalar, we apply x to dw:

xdw =V -(A,B,C)

o If we start with a 1-form (say, an electric field), applying d then x gives us curl-type
objects.

,51,



A.4.3 Workings of the Hodge Product
Taking a vector field F = (A, B,C) in R3 and representing it as a 2-form:

dw = Ady N\ dx + Bdz N dx + Cdx N dy
This 2-form is the Hodge dual® of the 1-form:
a = Adx + Bdy + Cdz

that is:
dw = *« (A.20)

Now from taking the exterior derivative of dw, (3.11):
d*w = (0, A+ 0yB + 0,0) dz Ady N dz
and applying the Hodge product:
*dw = *((0, A+ 0yB + 0.C) dz Ndy N\ dz)
= xdw = (0, A+ 0yB + 0,C) x (dz Ndy N dz)
= xdw = (0, A+ 0,B + 0.C)(1)

*dw = (0,A + 0,B + 0,C) (A.21)
(4.8) is exactly the divergence of the original vector, A, + B, + C, =V - (A, B,C)

A.5 Maxwell’s Equations

We want to express all four Maxwell’s equations in vacuum using differential forms.
In standard vector calculus, Maxwell’s equations in vacuum are:

1. Gauss’s Law/(Electric field):

v E=2L
€0
2. Gauss’s Law for Magnetism:
V-B=0
3. Faraday’s Law: ~
_ 0B
VXE=——
. ot

4. Ampere-Maxwell Law:

_ - OF
V x B —NOJ‘FMOEOE

Now. we work on 4D Minkowski spacetime R"3 and = 0,1, 2, 3.

5 An isomorphism between k-forms and (n — k)-forms on an n-dimensional oriented manifold with a metric.
This converts ”volume in a k-dimensional subspace” into the complementary (n — k)-dimensional volume.

,52,



A.5.1 Defining the Field Strength 2-Form, F

In the component form we have:
Fu =0,A, — 0,4,

where, A is the 4-potential
the 4-potential in 1-from:

A= o¢dt — Apdx — Aydy — A.dz
and the field strength tensor 2-form is:

F=dA

(5.20 and (5.3) combine £ and B into one object:

(A.22)

(A.23)

(A.24)

F=E,dcNdt+E, dyAdt+E, dzAdt+ B, dy Ndz + By dz Adz + B, du Ady (A.25)

Here, the electric part is F# A dt and the magnetic part is a spatial 2-form.

Current as a 1-form:

J = pdt — Jpdx — Jydy — J.dz

and as a 3-form (*.J):
*J =pde NdyNdz—Jp dy Ndz Ndt — J, dz Ndx ANdt — J, de Ady A dt

A.5.2 The Homogeneous Equations, dF =0

For F = dA, we get dF = d*?A =0
Computing dF’:
Considering the spatial 3-form;

dF = d*A = d(B, dy A dz + By dz A dx + B,.dz A dy)
= dF = (0;,B; + 0yBy + 0.B;) de Ndy Ndz =0

Which corresponds to the form V- B = 0 (Gauss’s law for magnetism).

(A.26)

(A.27)

(A.28)

Now considering the mixed 2-form: time derivative of B and the spatial derivative of E,

dF = d(E, dz Adt + E, dy Ndt + E, dz Adt) + d(B, dy Adz+ B, dz Ndz + B, dz Ady) =0
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= dF = (0,Ey — 0yEy + 0,B,) dt Ndx A dy + (0, E, — 0,E, + 0:By) dt Adx N dz
+ (OyE. — 0. By + 0y B;) dt Ndy AN dz+ (0: By + 0y By + 0.B.) dv Ndy Ndz =0

= dF = (VX E),+0B;) dt Ndz Ndy + ((V x E)y + 0:By) dt Ndx N dz
+ (VX E)y+0By) dt NdyNdz+ (V-B) de Ady ANdz =0

=dF = (VX E), dtNdzNdy+ (VX E)ydtNdeNdz~+ (VX E), dt Ndy Ndz

+ (0¢By)dt AN dy N dz + (0yBy)dt A dxz N dz + (0, B)dt Ndx ANdy =0 (A.29)

(5.8) corresponds to V x E = —%—?

A.5.3 The Inhomogeneous Equations, xd xF = j

We had,

F=FE,dzNdt+E,dyNdt+ E, dzNdt+ By dy Ndz+ By dz ANdx + B, dx N dy

*F=F,dyN dz+ Ey dzNdrx+ E, de Ndy + B, dt Ndv + By dy Ndt + B, dt Ndz

=d*x F =0F, dt N\ dyNdz+ 0yFEydx Ndy \dz + 0 E, dt Ndx ANdz + OyEydy N\ dx N\ dz
+ O E, dt Ndx Ndy + 0, FE,dz \Ndzx A dy

=d*xF = (0,E. + 0,By — 0.By)dt Ndx Ndy + (—O,Ey + 0.By — 0, B.)dt A dx N dz

+ (OEy + 0,By — 0yB,)dt Ndy ANdz + (0, Ey + 0yEy + 0,E.)dx N dy A dz (A.30)
And now xd x F":
*xd* F = (0,E, + 0,By — 0.B,)dz + (O,E, — 0,By + 0, B.)dy
(A.31)

+(0Ey + 0.By — 0yB.)dx + (0, Ey + 0yEy + 0. E.)dt
Now,
(0:E. + 0xBy — 0.By) = —J;
(4B, — 8,By + 0,B,) = —J,
(8:Ey + 0.B, — 9,B.) = —J,
(0., + 0,Ey + 0.E.) = p
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So, (5.10) becomes:

*dx F' = —J,dz — Jydy — Jdx + pdt
= xd*x F = pdt — Jpdx — Jydy — J.dz = J (A.32)

We get V- E = % and V x B = poJ + uoeo%—f from this.

B Integral of a Form

We can only integrate top-degree forms (degree = dimension of manifold) over an oriented
manifold.

On a 4-dimensional manifold M, only 4-forms can be integrated over all of M. A 2-form
can be integrated only over a 2-dimensonal surface inside M (e.g. [, ¢ I in electromagnetism).

Integration sums values over each point. To sum meaningfully, we must assign a values
to an infinitesimal volume element in that space, i.e. a top degree form.

An example would be: F-electromagnetic 2-form in 4D spacetime — integrate over 2D
surface (worldsheet of a loop) to get flux.

B.1 Definition of Integrating a k-form

Let M be an n-dimensional oriented manifold. A k-form w € Q¥(M) is a smooth assign-
ment of an alternating multilinear map.

wy : (T,M)F — R

at each point p.

To integrate w over a k-dimensional oriented submanifold S C M:

1. We choose a coordinate chart (U, ¢) with local coordinates (u!,...,uX) on S.
Meaning, if S is a k-dimensional oriented” submanifold of M, then locally it can be
described by k-coordinates (u', ...,u*). The submanifold inherit these coordinates from
M via the inclusion map i : S — M.

If M = R3 and S is the unit sphere S2, a local coordinate chart would be spherical
coordinate (6, ).

" Oriented here means that we have picked an order of the coordinate which will fix the sign of the integral.
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2. Pull w back to U C R*.

ixw= f(u)du! A...Adu” (B.1)

The k-form w lives on M, nut we cannot integrate it over S until we restrict it to S.
Mathematically, this is the pullback®:

ixw:S — QF(S) (B.2)

This essentially ”feeds” w only tangent vectors of .S, ignoring any directions normal to
S.

In coordinates (u!,...,u*) on S, the pullback has the general form:

ixw=f(ul, .., uF)dut A ... A duF (B.3)

Here, f is the scalar density we will actually integrate.
If w = xdy A dz on R3, and S is the y-z plane at 2 = 2, then, i x w = (2)dy A dz.

3. Integrate the scalar function f over U using the usual k-dimensional Lebesgue

Lw_Lﬂmmhmk (B.4)

Once we have ixw = f(u)du!...du*, we are in familiar territory — this is just the volume

integral’:

form of S multiplied by a function f.
Integrating w over S means integrating f against the standard k-dimensional Lebesgue

/w:/ ful, ..., uF)dut.. .du® (B.5)
S UCRF

where U is the coordinate patch.

measure:

If S is curved, f will already include the Jacobian factor from the pullback!?.

Why this works?
This is just the change-of-variables theorem in disguise:

The form w is intrinsically coordinate free. Pulling it back to coordinate (u') converts it to
familiar function x Volume element form. Then integration reduces to the usual multivariable
calculus.

8The inclusion map just ”places” our smaller surface inside the bigger space and the pullbackkeeps only
the parts of the form that lives along that surface so we can integrate it there.

9A k-dimensional Lebesgue integral is just a rigorous mathematical way of saying ”integral over a k-
dimensional region”, where k could be 1 (line), 2 (surface), 3 (volume), etc. This is more general than
Riemann integral — it can handle irregular shapes and functions with certain types of discontinuities.

10T smooth differential geometry, Lebesgue integral reduces to the usual multivariable integral with a
Jacobian factor from a coordinate change.
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Let’s integrate the 2-form:
w = xdy ANdz + ydz A dx + zdx A dy (B.6)
Over the upper hemisphere of the unit sphere:
S={(z,y,2) ER® |22+ 92 +22=1, 2>0

1. Parametrize the surface
Using spherical coordinates (6, ¢) with
x= sinf cos ¢
y= sin 6 sin ¢
z= cosf
Where,Ogﬁgg, 0<o<2rm

This gives the inclusion map, i : S < R3:

(0, ¢) = (sinf cos ¢, sinfsin ¢, cos) (B.7)

2. Compute the differentials

dx = cosf cos ¢ df — sinfsin ¢ do (B.8)

dy = cos @ sin ¢ df + sin 6 cos ¢ do (B.9)

dz = —sinf df (B.10)

3. Pull back w
Substituting into (1.6):

x dy A dz = sin® 0 cos® ¢ (d A do) (B.11)

y dz A dx = sin® 0sin® ¢ (d A do) (B.12)

z dx A dy = cos? 0sin @ (df A do) (B.13)

Putting (1.11), (1.12), (1.13) into (1.6):

w =sinf do A d¢ (B.14)

4. Integrate over parameter domain

2m =
/ w= / / sin@ df d¢ = 2w (B.15)
5 o Jo
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B.2 Top-degree forms over the whole manifold

If dimM= n, then, to integrate over all of M, the form must be of degree n (a top-form!!),
so that its pullback to local coordinates has the form:

f(x)dzt A .. A dz™ (B.16)

which corresponds to an infinitesimal volume element.
If w has degree k > n, it can still be integrated, but only over k-dimensional oriented
submanifold of M (like a curve for k = 1, a surface for k = 2, etc.).

/S w (B.17)

Mthematically, the pairing

only makes sense if deg w = dim S*.
In short:

Only top degree forms can be integrated over the whole manifold, because the degree
of the form must match the dimension of the space we are integrating over.

B.2.1 Why only Top-degree Forms

Let M be n-dimensional, oriented, with local coordinates (x!,...,z™).
A k-form w (with k£ < n) looks locally like:

W= Z fr(z)dz A ... A dzt (B.18)
1=k

To integrate ovel all of M, we need a top form (an n-form) of the shape:

g(x)dzt A ... A dz" (B.19)

because that is the coordinate-free version of a volume element.

A k-form with & < n simply does not contain enough differentials to produce such a
volume element.

So, to summarize, we cannot integrate a k-form over an n-manifold when k& < n without
adding extra, non-canonical structure. The only intrinsic, coordinate-invariant integral over
the whole manifold is for top-degree forms.

B.3 Integrating a 4-form on M = R*

Let,
Q=p(t,z,y,z) dt Ndz Ndy N dz (B.20)

11 A differential form of the highest possible degree on a manifold.
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using global coordinates (t,x,y,z) and the standard orientation dt A dx A dy A dz. Here,
the chart is the identity'?, so the pullback is trivial:

(1d)*Q = p(t,x,y,z) dt Ndx Ndy N dz (B.21)

Now, integrating over a bounded region (U C R*):

/ Q= / p(t,x,y,z) dt de dy dz (B.22)
u u

Over all of M, we need p to decay sufficiently fast so the integral diverges. Moreover,
only 4-forms look like a volume element (function) x dt A dz A dy A dz. Lower degree forms
do not provide a 4D volume density.

B.4 Integrating a 2-form over a 2D surface S2 ¢ M

Let the electromagnetic 2-form be:
. 1 ) )
F = Eidx' Ndt + ifijkBkdiL'Z A dx? (B.23)

We can integrate I over any oriented 2D submanifold S? in spacetime. As shown in the
example earlier:

1. parametrize S by coordinates v = (u!,4?) : an inclusion mapi : S < M,

o =z (ul,u?) (p=0,1,2,3 for t,z,y, 2)

2. Differentiate: da# = Jjextdu®  (sum over a = 1,2).
3. Pull back: Substitute z#(u), dx#(u) into F to get i*F = f(u)du! A du?.

4. Integrate: |, e F = fU f(u)du'du?. Which in physics gives electric or magnetic flux
through S2.

Physical Analogy

In electromagnetism:
e F(2-form) integrated over a spatial 2-surface = magnetic flux through that surface.
e xj(3-form) integrated over a 3-dimensional volume = total charge in that volume.

e Only 4-forms can be integrated over all of spacetime, to get one from F, we need to
wedge it with another 2-form or take F' A xF' making it a 4-form.

121 instead we had a submanifold (like a surface or curve), the inclusion map would not be the identity — it
would substitute the parametric equations into the form and kill irrelevant terms. That’s when the pullback
actually changes form.
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C Proofs

C.1 Proof of dzwp =0
In a chart (z?,...,2"), any p-form looks like:

1 . )
w= ;lwz‘l..,.ip(m)df“ A ... ANdz'® (C.1)

Applying the first exterior derivative:

By definition:

dw = ﬁajwil....wz-p(:c)d:cﬂ Adz A A date (C.2)

The new form has degree p + 1. The wedge da’ A dx'' A ... is antisymmetric automat-
ically. If we swap two indices, then the whole wedge changes sign:

dz Nda? = —da? A dz? (C.3)
If the two indices are equal (j = i), then the product vaniahes,
dz? A dx? =0 (C.4)

Applying the second exterior derivative:

1 . ‘ ‘
Pw = ﬁalajwil...wipdxl Adzd Adzt A LA date (C.5)

Now. partial derivatives are symmetric and the wedge products are antisymmetric. If
we swap indices (j,[), the coefficient stays the same (symmetry), but the wedge basis
picks up a minus:

8j81wi1_,,2~pdxj VAN dl‘l = 8lajwi1.m¢p (da:l VAN dl‘]) (06)

Every pair ([, ) appears twice in the sum, once as (I, j), once as (j,1). Each pair cancels
out. Therefore,
d?w=0 (C.7)
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C.2 Proving xxa = (—1)P0@Ply

Let (M,g) be an oriented Riemann n-manifold. Fixing a point and choosing an oriented
orthonormal coframe, {e',...,e"} so the volume form is:

vol=¢el A ... Ae" (C.8)
Let, € A .... A e := el and the complement, e’. So,
el Ael = vol (C.9)

By definition of *, takes a p-form and gives a (n-p)-form,

e! Axe’ = vol (C.10)
Here, ¢! must be the wedge of the missing basis elements upto a sign. So,
xel = +e’ (C.11)
Now, applying * again,
xxel =txel =2+l (C.12)
So,
*x % el = +(xel) (C.13)

e/ — ¢! has index (n-p) and since it is a p-form, x x e/ has to cross (n-p), p times:
(—1)P(»=P) would determine the sign depending on the values of p and n. So, we have:

xx el = (=1)P(=Plel (C.14)
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C.3 «dx«a gives divergence

The 1-form « is written as:

o = g X'da? (C.15)
The Hodge star on 1-form is:
*(da’) = m—%gjkekiz..,_indxiz Ao Nz (C.16)

So,

= xa = XF* e _‘gl‘)!ekh_mindxi? A ... Adzi
We then have:
*xa = X (n\/_@)!ekh_mindwi? A ... ANdz™ (C.17)
Taking the exterior derivative we get,
o) = - ! iVl XM)et i, do’ Ada A (C.18)
By definition: ' . .
dz' Ndx" A ... Ndx'™ = €4, 4,d" (C.19)

By inputting C.19 into C.18 we get,

1
m@'( 9] X*)eiy.. i €iig....ip d"T (C.20)

Now using the identity exre;; = (n — 1)!6F where, I = (ig, ...,4,):

d(xa) =

dra) = - ! i/l X4 = 1! 8] " = 0i(/Ig] X') (C.21)

Now,

Vol = \/|g| dz* A ... Ada™ = +/|g| d"x
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and plugging this into with a little bit of algebra:

d(xa) = ——8:(/Tg] X°) /Ig] d"x

V19l
1 .
=d(xa) = \/?lﬁi(\ﬂg\ X"*) Vol (C.22)
g
Applying hodge star on C.22:
= \/%81-(\/“]] X) % Vol (C.23)
g

Now, we know:

*1 = +/|g| dz! A ... A dz™ = Vol

and previously proved x x o gives us a upto a sign:

1 . 1 )
*d*x o= ——0; X" % Vol = ——0; XH(1
N (Vlgl X*) N (Vlgl X*)(1)
Finally, .
xdx o = ——=0;(+/]g] X° C.24
N (Vlgl X*) (C.24)

Which is exactly the divergence density of the vector field X in curved spacetime.
In flat spacetime /|g| = 1. So, we have:

wdra = ——3;(+/Jg] X) = B:X (C.25)

Vdl

and reduces down to V - X.
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C.4 Proving (dn,w) = (n,dw)
We know,
(dn,w) = /M dn A *w (C.26)

Using the graded Leibniz rule (for deg n =p — 1):

d(n A*w) = dn Axw + (=1)P7L 5 A d(xw) (C.27)

So, dn A xw from C.27 is:
dn A *w = d(n A *w) — (=1)P7In A d(+w) (C.28)

So, plugging C.28 into C.26 gives us:

(dip, ) = /M iy A i = /M d(n A xw) — / (—1)7~1p A d(sw) (C.29)

M

Applying Stoke’s theorem [, d(n A *w) = [, i(n A *w):
:/ i(n A xw) — (—l)p_l/n/\d*w (C.30)
oM

Applying appropriate boundary conditions:

(dn,w) = —(=1)P! /7] A d(*w) (C.31)
Now, considering —(—1)P~1:
For, p — 1 even, (—1)P~! = +1 and —(+1) = —1.
For, p—1odd, (—1)P7! = -1 and —(—1) = +1.
For, p even, (—1)P~! = 41 and —(+1) = —1.
For, p odd, (—1)P~' = —1 and —(—1) = +1.

SO; _(_l)pil = (_1)p
We then have,

/M dn A\ xw = (—1)”/ n A d(*w) (C.32)

M
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Form the definition of co-derivatives:
dT _ (_1)n(p+1)+1 xd %

So,
dfw = (=1)"PHDH g s w

Performing on w:

e x — (n — p)-form
e d— (n—p+ 1)-form
e x — (p—1)-form
So, the sign factor would be
(=1)MpHD)+1P—1) — (_1)p(n=p)
Now, following from C.33:

*diw = (—1)PPHH o wd 5w

Coming down from C.14:

*xdww = (—1)PPd 5w

So, we get:

*(dtw) = (—1)"PHIHL ()PP g 4
= x(dfw) = (=1)rPHD+IPM=P) g 4

= dxw = (=1)"ETDHP0-D) o (ghy) = (n, diw)
So, we end up with, coming down from C.29:

{dn,w) = (n, dw)

(C.33)

(C.34)

(C.35)

(C.36)
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C.5 Action of a p-form field strength and equations of motion

The action:

1 1 1 ®
5= 32 /MF ME =50 /M VIl B P20 ' (C3T)

Gauge invariance: A — A + dA, (A € QP~2) leaves F = dA and thus S remains
unchanged:

This is the gauge symmetry of a p—form field. By definition the field strength is
F =dA and dF = d*?A = 0, Applying the gauge transformation: A’ = A + dA:

F'=dA' =d(A+dA\) =dA+d’A=dA=F (C.38)

Now, varying, 0F = ddA
S0,

1

= _2_92(/M d(SA A xF) — (=1)P~1 /M (5A/\d*F>

_ _2—;2</8Mz'(5A/\*F)— (—1)r~! /MéA/\*F)

With appropriate boundary conditions(similar to how we got (4.6)):

_ _2_;2<_ (~1)p-! /M 6A/\d*F) (C.39)

Now, 65 = 0 and for (5.3) to be zero and the integral to vanish (0 A is arbitrary inside
M):

d«F =0 (C.40)

Now, adding source term Sy = [, A A *J, and varying 6Ss = [;,0A A *J, we then
have:

_1)p—1
5:%/ 5A/\d(*F)+/ SA AT (C.41)
29 M M
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In this case, we require:

—1)p-1
( 2;2 dxF)+*J =0

=d(*F) = (—1)P712¢% « J

Absorbing:
d(xF) = *J

C.40 and C.43 are the equations of motion.
In component form:

(d*F)uz...up = VVFVM..AMP

So, the equations of motion are:

W, FVH2 b — JH2--lp

For, p = 2 (Maxwell in n=4):
VVFVM — Jlt2

Which is the standard inhomogeneous Maxwell’s equation.

(C.42)

(C.43)

(C.44)

(C.45)

(C.46)
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